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Abstract—The role of interfaces and higher bands on the electronic structure of embedded semiconductor quantum dots (QDs)
was investigated. The term in the multiband k·p Hamiltonian that
captures the effect of interfaces was derived starting from the
microscopic theory. It was shown, analytically and numerically,
that, with such a term included, the right symmetry of the QD
system can be captured. The inclusion of additional higher bands
beyond the ones from the standard eight-band model also leads
to the reduction of symmetry from an artificially high one to the
true atomistic symmetry of the system. These results prove that
the multiband k·p Hamiltonians are fully capable of describing
the correct symmetry of a QD.

Hamiltonians in general. In this work, we therefore analyze
the k·p Hamiltonians beyond the standard 8-band one, which
either include the effect of higher energy bands or include
the effect of interface induced band mixing. For the latter, we
derive the analytical form of the appropriate Hamiltonian for
all interfaces present in the model QD structure and use it
in the calculation to understand its role both qualitatively and
quantitatively. We show that beyond 8-band Hamiltonians are
capable of capturing the correct atomistic symmetry of QDs
and quantify the amount of symmetry breaking induced by
each of them.

I. I NTRODUCTION

II. T HEORETICAL METHOD

Typical self-assembled QDs have millions of atoms and
therefore the methods based on ab initio density functional
theory, the workhorse of modern electronic structure calculations, are far beyond the reach of present day computational
capabilities. All the methods developed so far are therefore
to a lesser or larger extent semi-empirical. [1], [2], [3] In
the multiband envelope function methods (including the k·p
method) the system Hamiltonian is represented through a
matrix of operators that act upon a vector of envelope functions
of several bands. The multiband k·p Hamiltonians [4], [5],
[6], [7], [8] are capable of reproducing the bulk bandstructure
more accurately than the standard 8-band Hamiltonian. The
effect of interface band mixing[9], [10], [11], [12] has also
so far been analyzed only for a single interface or a quantum
well structure. The goal of this work is to explore the effects
of higher bands and interfaces on the electronic structure of
QDs. The most widely used form of the multiband Hamiltonians for the description of III-V material nanostructures with
zincblende crystal structure is the 8-band k · p Hamiltonian.
This Hamiltonian indeed yields a higher symmetry of the
nanostructure than the true atomistic one. There is however
a widespread belief [13], [14] that the mentioned deficiency
is a general feature of multiband k·p Hamiltonians and that
these cannot be used if one needs to capture the true symmetry
of the nanostructure. If this were true, this would be indeed a
serious issue. For example, models with high symmetry lead
to degeneracies of eigenstates that would be otherwise split
and as a consequence lead to inaccuracies in the prediction of
polarization dependence of interaction with electromagnetic
radiation or the distribution of the excitonic state population
and their dynamics.
We find no reason that the mentioned shortcomings of the 8band k·p Hamiltonian would manifest also in multiband k·p

As a model system, we consider a QD in the shape of a
square-based pyramid, with base to height ratio b/h = 2. The
coordinate system is chosen so that vertices of the pyramid
are at the points (b/2, −b/2, 0), (b/2, b/2, 0), (−b/2, b/2, 0),
(−b/2, −b/2, 0) and (0, 0, h).
The k·p Hamiltonians discussed in this paper have a general
form:
Hk·p = Hk + Hso + H + Hpz + Hif
(1)
where Hk is the kinetic part, Hso is the part arising from
spin-orbit interaction, H is the strain part, Hpz is the piezoelectric part of the Hamiltonian that depends on strain, and Hif
describes the interface induced band-mixing contribution to the
Hamiltonian Hk·p . To identify the origins and to quantify the
amount of symmetry breaking, we have analyzed our model
system using several different Hamiltonians that include only
certain terms from Eq. (1), each with a different level of
sophistication:
(a) The 8-band k · p Hamiltonian consisting of the kinetic
part only.
(b) The 8-band k · p Hamiltonian consisting of the kinetic
part with the spin-orbit interaction taken into account.
(c) The 8-band k · p Hamiltonian consisting of the kinetic part
with the interface band-mixing effects taken into account.
(d) The standard 8-band k · p Hamiltonian consisting of the
kinetic part with the spin-orbit interaction and strain, as
well as the strain-induced piezoelectric potential.
(e) The 8-band k · p Hamiltonian consisting of the kinetic
part with the spin-orbit interaction and strain, as well as
the strain-induced piezoelectric potential and the interface
Hamiltonian.
(f) The 14-band k · p Hamiltonian consisting of the kinetic
part only.
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Fig. 1: (Color online) The wavefunctions squared for top two hole states and bottom
three electron states for a square-based pyramidal InAs/GaAs QD with base
width b = 100 Å, and base to height ratio b/h = 2 calculated using different
models. The letters (a)-(c), (e)-(g) specify the model defined in the main text.
The isosurfaces are plotted at 25% (transparent) and 75% of the maximal charge
density.

(g) The 16-band k · p Hamiltonian consisting of the kinetic
part only.
(h) The 14-band k · p Hamiltonian consisting of the kinetic
part with the spin orbit-interaction and strain.
(i) The 16-band k · p Hamiltonian consisting of the kinetic
part with the spin orbit-interaction and strain.
In the derivation of the interface-induced band mixing
terms in the 8-band k·p Hamiltonian applied to our model
QD system, we follow the approach of Foreman outlined in
Ref. [12]. The envelope function Hamiltonian at a point R in
space (in the absence of strain and spin-orbit interaction) is
equal to: [12]
h̄
h̄2 k 2
δmn +
k · pmn + [um |Ha |un ]R . (2)
2m0
m0
In this equation, um and un are the periodic Bloch functions
of band m and n of a bulk reference crystal, Ha = p2 /2m0 +
V (r) is the microscopic Hamiltonian that we model using the
local empirical pseudopotentials, the square brackets denote
the averaging over a unit cell centered on R, k = −i∇ and
pmn = [um |p|un ], where p is the momentum operator.
The kppw code,[15], [16] appropriately extended to treat
the multiband Hamiltonians and the effect of interfaces, was
used for all electronic structure calculations presented.
Hmn (R) =

III. R ESULTS AND D ISCUSSION
In contrast to a popular belief that multiband envelope
function k·p Hamiltonians cannot capture the right symmetry
of QDs, we showed here the opposite. The symmetry group
of 8-band k·p Hamiltonian applied to a pyramidal squarebased QD is the C4v group. We showed that the inclusion
of interface band mixing effects leads to the reduction of
symmetry from an artificial C4v , to the correct C2v one.
Our analytical derivations, demonstrate that interface effects
lead to the reduction of symmetry from C4v to C2v since
commutator [D(Rϕ ), Hif ] = 0 only if ϕ = nπ, where D is
the group representation generators. The main manifestation
of interface effects are the energy level splittings between
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(e1 , e2 ), (h0 , h1 ), and (h4 , h5 ) states of the order of 1–3 meV
in InAs/GaAs material system. The splittings decrease as the
dot size and consequently the volume to surface ratio increase.
The inclusion of the additional bands beyond the standard 8
bands also leads to symmetry reduction to C2v , with splittings
which are however weaker than the ones due to interfaces.
We have found analytically that the 14 band k·p Hamiltonian
commutes with the operators of the C2v group representation,
i.e., [D(Rϕ ), H14k·p ] = 0 only for ϕ = nπ. We have found
indeed that the 14-band k·p Hamitonian is the lowest order
multiband Hamiltonian whose kinetic part has the correct C2v
atomistic symmetry. This symmetry reduction originates from
the coupling between the top of the valence (Γ5v ) and the
second conduction (Γ5c ) band. The observed splittings are
comparable to the ones that originate from spin-orbit coupling
(these do not reduce the symmetry) and are much smaller
than the ones from piezoelectric effect in strained systems.
Our work provides a very important conceptual message –
with appropriate treatment of relevant effects, the multiband
envelope function Hamiltonians are fully capable of capturing
the right atomistic symmetry of QD structures.
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